Abstract. We study the stability properties of Sasakian metrics in deformation theory. Let {(τ t , I t )} t∈T be a smooth family of 1-dimensional transversely holomorphic Riemannian foliation on a closed manifold M , where T is an open neighborhood of 0 in the L-dimensional Euclidean space R L and (τ 0 , I 0 ) has a compatible Sasakian metricg. We give a necessary and sufficient condition under which there exist an open neighborhood U of 0 in T and a smooth family of Riemannian metric {g t } t∈U on M such thatg t is a compatible Sasakian metric with (τ t , I t ) for every t in U andg 0 =g. Our condition is written in terms of the basic Euler classes of 1-dimensional isometric Riemannian foliations. As a corollary, we obtain a result on stability of Sasakian metrics of which the basic (0, 2) Dolbeault number is zero in a family of 1-dimensional transversely holomorphic Riemannian foliation on M .
Introduction
Kodaira and Spencer [17] proved the stability theorem of Kähler metrics which claims that for a smooth family {M t } t∈T of compact complex manifold over an open neighborhood T of 0 in R L , if M 0 has a compatible Kähler metric g, then there exists an open neighborhood U of 0 in T and a smooth family {g t } t∈U of Riemannian metric on M such that g t is a Kähler metric on M t for every t in U and g 0 = g. In this paper, we study such stability properties of Sasakian metrics, which can be viewed as an odd dimensional analog of Kähler metrics.
We will call a 1-dimensional foliation a flow in accordance with references. Our main result is presentation of a necessary and sufficient condition for stability of Sasakian metrics in families of transversely holomorphic Riemannian flow in terms of basic Euler classes of Riemannian flows, which is stated as follows:
Let T be an open neighborhood of 0 in R L and {(τ t , I t )} t∈T be a smooth family of transversely holomorphic Riemannian flow on a closed manifold M . Assume that (τ 0 , I 0 ) has a compatible Sasakian metricg. The difficulty to prove Theorem 1 comes from the noncontinuous change of basic differential complexes of foliations. We cannot translate directly our problem to a smooth family of partial differential equation to solve and cannot apply the Hodge-de Rham-Kodaira theory to the families of Laplacian on the basic de Rham complexes to prove Theorem 1. To avoid this difficulty, we will change the problem on basic differential complexes to the one on the de Rham complexes. The main step in the proof of Theorem 1 is the following theorem on Riemannian flows:
Theorem 2. (Invariance of the isometricity of Riemannian flows under deformation) Let T be a connected open set of R
L and {F t } t∈T be a smooth family of Riemannian flow on a closed manifold. Then one of the following two cases occurs:
(1) For every t in T , F t is isometric.
(2) For every t in T , F t is not isometric.
To prove Theorem 2, we will show a rigid property of theÁlvarez classes of Riemannian flows and continuity ofÁlvarez classes of smooth families of Riemannian foliation.
We remark that the following theorem is proved in a way similar to the proof of Theorem 1: Let M be a closed manifold, (g, η) be a K-contact structure on M , T be an open neighborhood of 0 in R L and {F t } t∈T be a smooth family of Riemannian flow on M such that F 0 is the flow defined by the orbits of the Reeb vector field of η.
Theorem 3. (Stability of K-contact structures in a family of Riemannian flow)
There exists an open neighborhood U of 0 in T and a smooth family {(g t , η t )} t∈U of pair of K-contact structures on M such that F t is induced by the orbits of the Reeb vector field of η t for every t in U and (g 0 , η 0 ) = (g, η).
The author expresses his deep gratitude to José Royo Prieto Ignacio for pointing out a mistake in the previous version of this paper.
Basic Definitions
In this section, we give basic definitions of Sasakian metrics and flows with transverse structures which are underlying structures of Sasakian manifolds. 2.2. Flows with Transverse Structures. Let M be a smooth manifold. We will call a 1-dimensional foliation on M a flow on M as mentioned above. If M has a Sasakian metric (η, g), the contact form η determines a nowhere vanishing vector field ξ on M called the Reeb vector field of η by the equations η(ξ) = 1 and dη(ξ, ·) = 0. The orbits of ξ define a flow τ on M . In this subsection, we give the definition of transverse structures of τ associated with the Sasakian metric.
We denote the tangent bundle of τ by T τ . A local section X of T M is said to be basic with respect to T τ if [Y, X] is a local section of T τ for every local section Y of T τ . A local section X of T M/T τ is said to be basic with respect to τ if [Y, X] = 0 in T M/T τ for every local section Y of T τ . For a local section X of T M or T M/T τ , the basicness of X means the invariance of the transverse component of X along leaves. 
For a transversely holomorphic flow (τ, I) on M , we call I the complex structure of (τ, I). For a Riemannian flow (τ, g), we call g the transverse metric of (τ, g). For a transversely Kähler flow (τ, I, g), we call the above 2-form ω the transverse Kähler form of (τ, I, g).
We always regard the transverse Kähler form ω of a transversely Kähler flow as a 2-form on M by the injection
We define the isometricity of a Riemannian flow (τ, g) on M as follows: [23] showed that the isometricity of Riemannian flows on closed manifolds is characterized by the nontriviality of H m−1 B (M/τ ) and hence does not depend on the transverse metric g of (τ, g). (Isometricity is equivalent to geometrically tautness for Riemannian flows and the above characterization of geometrically tautness is extended to arbitrary dimensional Riemannian foliations. See the paper by Masa [20] .) Let (M, g, η) be a Sasakian manifold. We write ξ for the Reeb vector field of η and τ for the flow defined by the orbits of ξ. Then it is easily shown that ξ is a Killing vector field with respect to g and hence (g, ξ) is a defining pair for τ . Moreover, we also have g and dη define a transverse Kähler structure of τ . 
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Invariance of the Isometricity of Riemannian Flows under deformation
We show Theorem 2, which is the main step in the proof of Theorem 1. See [22] for some terms which are not defined here.
We will use the term "a smooth family of Riemannian flow on M over an open set S of R L " for a flow τ on a smooth manifold M × S with a transverse metric on the relative normal bundle ker(pr 2 : T (M × S) −→ T S)/T τ of τ whose restriction to M × {s} is a Riemannian flow on M × {s} for every s in S. We use the term "smooth families" for flow with other transverse structures or tensor for the same meaning.
Alvarez 3.1.1. Fiberwise Average ofÁlvarez Classes. We fix our notation in 3.1.1. Let (M, F ) be a closed manifold with a transversely parallelizable foliation of codimension q. We take a transverse parallelization {ω i } 1≤i≤q of (M, F ). Assume that we have the following diagram:
where π : M −→ W is the basic fibration of (M, F ) andπ is a submersion. We denote the foliation defined by the fibers ofπ byF .
We fix a bundle-like metric g on (M, F ). Then we have direct sum decompositions
is the space of basic 1-forms and
according toÁlvarez Lopez [1] where the projections to the first components ρ F and ρπ are defined by
where π ·vol π and π ·volπ are the integration along fibers defined by the fiberwise volume forms determined by the metric g. Note that ρπρ F = ρπ.
We denote the mean curvature form of (M, F , g) by κ. We define the basic component of κ and theÁlvarez class of a closed manifold M with a transversely parallelizable foliation F followingÁlvarez-Lopez [1] :
and [1] . But our definition gives the same class, since the canonical injective map 
Then we have
(1)κ b is a closed basic 1-form of (M, F ) and
We will show only (1) here and (2) will be shown later after three lemmas.
By the condition (b) and Rummler's formula [25] , the function π volπ is constant on M . We put
We denote the mean curvature form of (M,F ) by κπ and write d 1,0 for the composition of the de Rham differential and the projection
determined by a bundle-like metric g. We can compute dκ b as follows:
The first term of the last line is 0, since κ b is closed by Corollary 3.5 ofÁlvarez López [1] . The second term is also 0 since κπ is 0 by the assumption (b). Hence (1) is proved.
We prepare three lemmas to show Proposition 1 (2).
Lemma 3. Assume that the conditions (a) and (b) in Proposition 1 are satisfied.
Let {φ t } t∈[0,1] be a flow on M which is generated by vector fields {X t } t∈ [0, 1] . Assume that ω i (X t ) is constant on each fiber ofπ for each i and t. Then we have
where γ x is the orbit of
Proof. The function π volπ is constant on M by the condition (b) and Rummler's formula [25] . We put
By the assumption ω i (X t ) is constant on the fibers ofπ. Then we have (10)
By the condition (a), we have M f vol M = N π f volπ vol N for a function f on M . Hence we have
The proof of Lemma 3 is completed.
We fix a point x 0 on M and denote the fiber ofπ which contains x 0 by F .
Lemma 4. Assume that the condition (c) in Proposition 1 is satisfied. If a closed basic
Proof. The condition (c) implies that (F, F | F ) is a Lie foliation. At first, we claim that for an element γ in π 1 (F, x 0 ) there exists a basic vector field X such that ω i (X) is constant for each i and γ β = F γx β vol F (x) for each closed basic 1-form on (F, F | F ) where {φ t } t∈[0,1] is the flow generated by X as follows: Let G be the simply connected structure Lie group G of (F, F | F ) and hol be the holonomy homomorphism π 1 (F, x 0 ) −→ G of (F, F | F ). Note that the integration of a basic 1-form β along γ in ker hol vanishes. In fact, we have
where H is a function on G which satisfy dH = β where β is regarded as a left-invariant 1-form on G. For each element γ in Im hol, there exists an element γ in π 1 (F, x 0 ) and a basic vector field X on (F, F | F ) such that hol(γ) = γ and F γx β vol F (x) = γ β for every basic 1-form β on (F, F | F ). In fact, we can take X as a lift of the transverse vector field X in Lie(G) which satisfies the equation exp G X = hol(γ) where exp G is the exponential map of G. Hence the proof of our claim is completed.
Then for an element γ in π 1 (F, x 0 ) we can take a basic vector field X such that Proof. Take an element γ 0 in π 1 (M, x 0 ) which satisfies the assumption. We construct a sequence {X n } n∈N of vector field on M to compute γ0 α as a limit of
x is the orbit of x of the flow {φ n t } t∈[0,1] which is generated by X n . By the assumption on γ 0 , we can take a vector field X on M which is an extension of the tangent vectors of l 0 so that ω i (X) is constant on each fiber ofπ for each i as follows: We put
We can extend the tangent vectors ofπ•l to a smooth vector field Y on N supported on a tubular neighborhood of A. We take a lift X ′ of Y on W and define X as a lift of X ′ on M . Since the volume of fibers ofπ is constant by the assumption (b) and Rummler's formula, the pull back of the fiber bundleπ to [0, 1] byπ • l ′ can be trivialized with the fiberwise volume form by Moser's argument. Hence we can assume that the flow generated by X preserves the fiberwise volume form ofπ.
We define a sequence {X n } n∈N of vector field on M which satisfies that ω i (X n ) is constant on each fiber ofπ for each i as follows: Let {h n } n∈N be a sequence of smooth function on N such that h n is constant on each orbits of X, h n | A = n and N kh n vol N converges to A k| A vol A for any smooth function k on N . Definẽ h n = h n •π and X n =h n n X. By the construction ofh n and the condition (a), we have
Hence if we put
The volume of the fibers ofπ is constant by the condition (b) and Rummler's formula. We denote the constant by V . We will show
Since α is closed on M , [α| F ] = 0 and the flow generated by X preserves the fiberwise volume form ofπ, we have
for any point x 1 inπ −1 (s). In fact, if we take a smooth function H onπ −1 (s) so that dH = α onπ −1 (s) and denote the holonomy map of π ′ defined by the flow generated by X by f , we have
by Stokes formula. Integrating the both sides of (20), we have (21)
and the right hand side is 0 since the flow generated by X preserves the fiberwise volume form ofπ. We identify A with S 1 byπ • l 0 . We take l 0 (s) as x 1 in (19) for s in A and have
If we denote the initial point of l 0 by x 0 , we have
Hence the equation (18) is proved and we can conclude γ0 α = 0 by the assumption (14) .
We prove Proposition 1 (2).
Proof. We have an exact sequence
By Lemma 3 and Lemma 4, we have γ (κ b −κ b ) = 0 for γ in π 1 (M, x 0 ) which is contained in i(π 1 (F, x 0 ) ). Then, by Lemma 4 and Lemma 5, we have γ (κ b −κ b ) = 0 for γ in π 1 (M,
) is generated byπ * γ for such γ.
Continuity ofÁlvarez classes.
We show Theorem 4 after three lemmas using Proposition 1 and a realization theorem of Domínguez [10] on mean curvature forms. Theorem 4 for the cases of a smooth family of general Riemannian foliation on closed manifolds are reduced to the case of a smooth family of transversely parallelizable foliations by the definition ofÁlvarez classes [1] .
Let T be an open set in R L which contains 0. Let M be a closed manifold and {F t } t∈T be a smooth family of transversely parallelizable foliations on M over T which is given by a smooth foliationF on M × T . We define a distribution
F) is the space of leafwise constant functions on (M × T,F).
By application of the argument of standard Molino theory to D using the smooth family of transverse parallelizations, we obtain the following properties of D which is similar to the basic foliation of usual transversely parallelizable foliations:
(1) (M × T,F ) is fiberwise transitive, that is, for each two points (x, t) and (y, t) in M × T with the same second coordinate, there exists a diffeomorphism f which preservesF and satisfies f (x) = y. Proof. We put k = dim M − dim D 0 . For each point x on M × {0}, we have a k-tuple of leafwise constant functions f x1 , f x2 , · · · , f xk of (M × T,F) such that df x1 ∧ df x2 ∧ · · · ∧ df xk is nowhere vanishing on a neighborhood U x of x in M × T by the definition of D. By the compactness of M , we can take a neighborhood
, but we can modify f x1 , f x2 , · · · , f xk step by step on x so that df x1 ∧ df x2 ∧ · · · ∧ df xk = df y1 ∧ df y2 ∧ · · · ∧ df yk holds on U x ∩ U y for every two points x, y in M × {0}. Then we can define a compact foliation on M × {t} without holonomy, hence a proper submersion, unifying the restriction of local submersions z → (f x1 (z), f x2 (z), · · · , f xk (z)) to M × {t}. Hence we obtain a smooth family of proper smooth submersions of which the restriction to M × {0} isπ 0 . We can trivialize this family of submersions and obtain a desirable extension ofπ 0 .
We denote the restriction ofπ to M × {t} which is constructed in the last paragraph byπ t for t in T ′ . We writeF t for a foliation defined by the fibers ofπ Proof. Since a Riemannian foliation defined by a proper submersion is geometrically taut according to Rummler [25] , we can take a bundle-like metricg 0 of (M,F 0 ) of which the mean curvature form vanishes. Since (M,F t ) is isomorphic to (M,F 0 ), we can take a family of bundle-like metricg t of (M,F t ) of which the mean curvature form of each element vanishes. We denote the leafwise volume form defined byg t byχ t . Then we can take a family of bundle-like metrics g t on (M, F t ) such that g t is bundle-like also with respect to (M,F t ) and the leafwise volume form of (M,F t ) determined by g t coincides withχ t .
We prove Theorem 4.
Proof. Let M be a closed manifold and {F t } t∈T be a smooth family of transversely parallelizable foliations on M over T . We fix an extension@π :
0 ofπ 0 as a smooth proper submersion such that fibers ofπ t =π| M×{t} are saturated by the leaves of F for a neighborhood T ′ of 0 in T by Lemma 7. We take a smooth family of metrics {g t } t∈T ′ on M of which each element g t is bundle-like with respect to both of (M, F t ) and (M,F t ) such that the fibers ofπ t are minimal submanifolds for each t in T ′ by Lemma 8. We denote the mean curvature form of (M, F t , g t ) and its basic component by κ t and κ For a smooth loop γ in M , we have the following evaluation:
where || · || is a norm induced by g t . The first and the second term converges to 0 as t tends to 0, sinceκ and the proof is completed.
3.2.
A rigid property of theÁlvarez class of Riemannian flows. Let (M, F ) be a closed manifold with a 1-dimensional Riemannian foliation. Since theÁlvarez class of (M, F ) is defined by the integration along fibers of theÁlvarez class of (M 1 , F 1 ) where M 1 is the transverse orthonormal frame bundle of (M, F ) and F 1 is the lift of F , which is transversely parallelizable, Theorem 5 is reduced to the case where (M, F ) is transversely parallelizable. We show Theorem 5 for the cases where (M, F ) is transversely parallelizable. Let (M, F ) be a closed manifold with a 1-dimensional transversely parallelizable foliation. By the Molino's structure theorem [21] and a theorem of Caron-Carrière [8] , the basic fibration π : M −→ W of (M, F ) is a (T k , F α ) bundle where α is an element of R k and F α is a linear flow on T k with dense leaves parallel to α. We fix a point x on M and an isomorphism from the fiber of π contains x and (T k , F α ). We define SL(k, Z) α by (27) SL(k, Z) α = {A ∈ SL(k, Z)|Aα = λα, ∃λ ∈ R} and log • eig by
where eig(A; α) is the eigenvalue of A with respect to α. We define Φ :
where the first map is the holonomy homomorphism of π and the second isomorphism is the one shown by Molino and Sergiescu in [23] under the assumption of denseness of leaves of F α . To show Theorem 5 for (M, F ), it suffices to show the following proposition, since the eigenvalues of a matrix with integral entries are algebraic:
Proof. To show commutativity of the diagram for an element γ in π 1 (M, x) which is represented by a smooth curve, it suffices to show the case of W = S 1 by pulling back the fibration π by γ. Hence we can assume W = S 1 . We denote the holonomy of π which corresponds to a generator of π 1 (S 1 , π(x)) by f . By the isomorphism π 0 (Diff(T k , F α )) ∼ = SL(k; Z) α shown by Molino and Sergiescu in [23] , we can assume that f is linear and x = [(0, 0)]. Let g 0 be a flat metric on T k , which is bundle-like with respect to F α . We define a bundle-like metric g on (M, F ) by g = ρ(t)g 0 + (1 − ρ(t))g 0 + dt ⊗ dt where ρ(t) is a smooth function on [0, 1] which satisfies ρ(t) = 0 near 0 and ρ(t) = 1 near 1. We denote the basic component of the mean curvature form of (M, F , g) by κ b .
Under this setting, we have
Hence it follows that κ b = κ. We can calculate
for every loop γ in π −1 (π(x)) with base point x and (33) γ0 κ = log |λ| for a loop γ with base point x which is defined as follows:
The equations (32) and (33) complete the proof.
Basic Euler Classes of Isometric Riemannian Transversely Holomorphic Flows
In this section, we will define basic Euler classes of Riemannian flows and show that we can decompose it using the basic Dolbeault cohomology when the Riemannian flow is transversely holomorphic.
Basic Euler Classes of Isometric Riemannian
Flows. Let M be a closed m-dimensional smooth manifold and (τ, g) be an isometric Riemannian flow on M . We fix our notation for the basic cohomology of (M, τ ) and define the basic Euler classes of isometric Riemannian flows.
Let Ω For the proof of the well-definedness of the basic Euler class of τ up to multiplication of real numbers, see [26] . Saralegui proved also that the basic Euler class of τ depends only on the flow τ , using Gysin exact sequences of τ in the same paper [26] . (Royo Prieto [24] gave an extended definition of basic Euler classes of general Riemannian flows. )
Note that in the case where τ is a flow defined by fibers of a circle bundle, the basic cohomology of τ coincides with the de Rham cohomology of the base manifold and the basic Euler class of τ coincides with the Euler class of the circle bundle up to multiplication of real numbers.
Decomposition of Basic Euler Classes in Transversely Holomorphic
Cases. We fix our notation for the basic Dolbeault cohomology of transversely holomorphic flows. Let M be a (2n + 1)-dimensional smooth manifold and (τ, I) be a transversely holomorphic flow on M .
We can define the complex coefficient version H
• B (M/τ ; C) of basic cohomology of (M, F ) using complex basic differential forms. In this paragraph, we use the complex number field as the coefficient ring. We define the space of basic (r, s)-forms on M with respect to (τ, I) by Proof. We denote the normal bundle q∈M (τ q ) ⊥ of τ by H and define an endomorphism J on T M by J(X) = 0 for the vector X in τ and J(X) = π −1 • I • π(X) for the vector X in H where π is the restriction of the canonical projection T M −→ T M/T τ to H. We define a 2-form ζ on M by ζ(X, Y ) = dη(JX, Y ) − dη(X, JY ). Then ζ is a sum of (2, 0) and (0, 2) components of dη and it suffices to show dζ = 0 to prove the (0, 2), (1, 1) and (0, 2) components of dη are d-closed.
Fix an arbitrary point p of M . Note that ζ is basic and so is dζ. Hence, it suffices to show that dζ p (X 0 , Y 0 , Z 0 ) = 0 for every vectors X 0 , Y 0 , Z 0 in H p to prove dζ p = 0. We can take local basic sections X, Y, Z of H which satisfies
, Y ) by definition. Since η(X) = η(Y ) = η(Z) = 0 and η • J = 0, we have the following equations:
By the integrability of I, we have that Note that J 2 + 1 is the orthogonal projection T M −→ τ . For a section W of τ and a section V of H, we have
By evaluating the both sides of (40) to η and applying (41) and (37) in turn to the latter part of the right-hand side, we obtain
Combining (36), the cyclic sum of (37) and (38) with (42), we obtain
. We denote the Levi-Civita connection ofg by ∇. For sections V and W of H, we have (44), (45) and (46), we have
If we define X, Y and Z using parallelism along ξ with respect to the connection ∇ in the direction of ξ, not only X, Y and Z are basic but also the equations Proof. We extend the smooth family of transverse metric {g t } t∈U to a smooth family of Riemannian metric {g ′t } t∈U on M so that g t is bundle-like with respect to F t andg ′0 =g. Let κ t be the mean curvature form of (M, τ t ,g ′t ). For a family {E t } t∈U of vector bundles on M which is defined by a vector bundle E over M × U , we topologize the space S E of smooth families of global sections of {E t } t∈U by the relative topology induced by C ∞ topology of C ∞ (M × U, E). Then a smooth family of global section correspond to a continuous map U −→ S E . We put Hence we have β t = −F 4 (t) and f t = F 2 (t). Then, after modification of the orthogonal complement of T τ t using F 4 (t) following the argument of Proposition 4.3 of [1] and modification of the leaf tangent component ofg ′t using F 2 (t) following the argument of Section 5 of [1] , we have a smooth family {g t } t∈U of bundle-like metric of (M, τ t ) of which each element has zero mean curvature form. We write {ξ t } t∈U for the smooth family of unit tangent vector field for {τ t } t∈U with respect tog t . Then it is straight forward to confirm that (g t , ξ t ) is a defining pair of (M, τ t ). Since F 2 (0) = 0 and F 4 (0) = 0, we also have (g 0 , ξ 0 ) = (g, ξ).
The following Proposition 3 which follows from Lemma 2, 9 and 11 completes the proof of Theorem 1. To describe the deformation of transversely holomorphic flows, we use the result of Girbau, Haefliger and Sundararaman (Proposition 6.1 in [12] ) in the first two examples. They showed that the Kuranishi space of the deformation of the transversely holomorphic flow defined by fibers of a circle bundle over a complex manifold X is identified with an open neighborhood of 0 in H 0 (X, T 1,0 X), the space of holomorphic vector fields on X, if X satisfies We apply their proposition to a Sasakian manifold M which is the total space of a circle bundle over a complex manifold X satisfying the conditions (51) and (52) with the underlying transversely holomorphic flow τ is formed by circle fibers.
6.1. Hopf Fibrations. Let S 2n−1 be a unit sphere {(x 1 , y 1 , x 2 , y 2 , · · · , x n , y n ) ∈ R 2n | x 
